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Abstract 

H-minimal Lagrangian submanifolds in general Kahler manifolds gen- 
eralize special Lagrangian submanifolds in Calabi-Yau manifolds. In this 
paper we will use the deformation theory of H-minimal Lagrangian sub- 
manifolds in Kahler manifolds to construct minimal Lagrangian torus in 
certain Kahler-Einstein manifolds with negative first Chern class. 



1 Introduction 

Let L be a Lagrangian submanifold in a Kahler manifold (X, g, u>). The second 
fundamental form is a symmetric 3-form on L. Let H denote the mean 
curvature vector of L. Then the mean curvature 1-form a — i{H)uj — aie 1 , 
where at — aijkg^ k , is a 1-form on L. 

Definition 1.1 A Lagrangian submanifold L C (X, uS) is called H-minimal 
(Hamiltonian minimal) if the mean curvature form a satisfies d*a — 0. L 
is called L-minimal (Lagrangian minimal) if a is co- exact. 



Proposition 1.1 An H-minimal (L-minimal) Lagrangian submanifold L C (X,lo) 
is a critical point of the volume functional restricted to the space of Hamiltonian 
(Lagrangian) deformations of L. 
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Proof: Let F t : L — > X be a Lagrangian (Hamiltonian) deformation family of 
Lagrangian submanifolds, Fq = id and Vt = ^r-. Then it is straightforward to 
derive that 

Vol F . g (L) = - f g(H,V )dV glL = - f g\ L (a, f3)dV g \ L , 
t=o Jl jl 

where (3 = (i{Vq)lu)\l- According to this first variation formula, the desired 
results are direct consequence of the fact that the deformation Ft being La- 
grangian (Hamiltonian) implies that j3 is closed (exact). ■ 

H-minimal Lagrangian submanifold in Kahler manifold was first investigated 
by Oh in The H-minimal part of proposition II. II is essentially theorem 2.4 
in [Sj, which was first observed by Weinstein according to Oh. The proof here 
basicly follow the argument in [SJ- In a recent work Schoen and Wolfson 
proved some important existence results for L-minimal Lagrangian surface in 
Kahler surface. 



d_ 

If 



When the Kahler metric g is Kahler-Einstein, the mean curvature form a is 
closed (Hm). Namely, an H-minimal Lagrangian submanifold L in a Kahler- 
Einstein manifold (X, u>) has harmonic mean curvature form (|H]). If a is also 
exact, then a — and L is a minimal Lagrangian in (X, to). In particular, if 
{X, oj) is Calabi-Yau, then the mean curvature form of any Lagrangian submani- 
fold in {X, oj) is exact. Consequently, a Lagrangian submanifold in a Calabi-Yau 
manifold (X, to) is H-minimal if and only if it is special. Therefore, H-minimal 
Lagrangian, which makes sense for any Kahler manifold, is both a generalization 
of special Lagrangian in Calabi-Yau manifold (yy) and minimal Lagrangian in 
non-Calabi-Yau Kahler-Einstein manifold (PQ). 

Another important class of examples of H-minimal Lagrangian submanifolds 
are the top dimensional real torus orbits in a toric variety under a toric metric. 
The toric metric restricts to flat metric on such real torus orbit and the mean 
curvature form is constant, therefore co-close and actually harmonic. (The spe- 
cial cases of C™ with the flat metric and CP™ with the Fubini-Study metric are 
discussed in |S]). 

Special Lagrangian in Calabi-Yau manifolds and minimal Lagrangian in Kahler- 
Einstein manifolds are generally difficult to construct. Besides the obvious dif- 
ficulty with the minimal surface equation, an important reason is our lack of 
understanding of the structure of Calabi-Yau metrics or more generally Kahler- 
Einstein metrics. In this work, we will develop methods to construct H-minimal 
Lagrangian fibration ftheorem ltj.lfl and minimal Lagrangian submanifold (theo- 
rem l4.1|) in Kahler-Einstein manifold through deformation from the toric model 
metric. This is made possible by H-minimal Lagrangian submanifolds, which 
give us additional flexbility to deform through general Kahler metrics that are 
neither Kahler-Einstein nor toric. 
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In U3, we discussed the degeneration of Kahler-Einstein metrics {g™} associ- 
ated with a family of algebraic manifolds {X t } that degenerate into the cen- 
tral singular fibre Xq under the so-called simple toroidal canonical degener- 
ation. We proved in theorem 1.1 of 9 that as t approaches 0, the Kahler- 
Einstein manifolds {(X t , g^ E )} converge to the complete Kahler-Einstein man- 
ifold (Xq \ Sing(X ), g^ E ) in the sense of Cheeger-Gromov. X can be stratified 
into union of smooth equi-singular components. Points in Xq that form the zero 
dimensional strata of such stratification will be called maximal degeneracy 
points of Xo. Let O € Xq be one of such maximal degeneracy point of Xq. 
The following theorem is the main application of our construction. 

Theorem 14.21 Let O be a maximal degeneracy point in Xq . Then there exists 
a smooth family of minimal Lagrangian torus L t C (X t ,o-if" E ) for t small that 
approaches O when t approaches 0. 

Deformation of H-minimal Lagrangian submanifolds in Kahler manifolds and 
its similarity to deformation of special Lagrangian submanifolds in Calabi-Yau 
manifolds are discussed in section 2. In section 3, we construct H-minimal 
Lagrangian torus fibration for bounded perturbation of certain toric Kahler 
manifold through deformation method. In section 4, applying results from sec- 
tions 2 and 3, we construct the minimal Lagrangian torus vanishing cycles in 
the toroidal degeneration family of Kahler-Einstein manifolds with negative first 
Chern class discussed in Idea from JU| is used in the construction to avoid 
singular deformation. (We notice the interesting construction of minimal La- 
grangian tori in toric Kahler-Einstein manifolds with positive first Chern class 
by E. Goldstein 3 j; which may be viewed, in certain sense, as a dual situation.) 



2 Deformation of H-minimal Lagrangian in Kahler 
manifold 

Let L be a Lagrangian submanifold in a Kahler manifold (X,g,u>). For P 6 L, 
near P locally we may choose holomorphic coordinate z — x + iy such that 
L = {y = 0}. Then gq are real along L. By adjusting z by degree 2 polynomial 
on we may assume that x is normal coordinate of L at P with respect to the 
Riemannian metric g\^ on L. We will call such coordinate z normal coordinate 
at P for Lagrangian submanifold L in Kahler manifold X. The computations 
in this section are all carried out under certain normal coordinate. 

d d 
Let a = — , gj = e- A = e n+i = Jei = — , and {e 1 = dxi,e l = e % = e n+l = 
UXi oyi 

— Je l = dy{\ be the dual basis. Then the second fundamental form can be 

expressed as a^k = (V^ej, Je^). It is straightforward to verify that at P, 

V ei ej = a^e/., V e> e 3 = -a£e fe , Vg 4 &j = -a^e k . 
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Consider a family {L t } of Lagrangian submanifolds in (X, u>). We use the normal 
deformation vector fields {V t } for the family such that V t is orthogonal to L t . 
Let p t = i(Vt)oJ. Then we have 

Proposition 2.1 

a = dd* (3 - i(Vf 3 )R\c x , 
where Vp is the vector field satisfying g(Vp, W) = f3(W). 
Proof: It is straightforward to derive that 

Recall that . 

fij = 29 kl (9il,j+9jl,i-9ij,l)- 

Hence 

r»jfe = £ l ij9ki = {Jf3)k,i 3 + R l jkl (J/3)i. 
Here the notation of the curvature is fixed by 

0k,ij ~ Pk,ji = PiRkij = -fli( R \jk + Rl jki)- 
dijk = (Vjej, Je fe ) = —f3k,ij + RjikiP ■ 

Pk,ij = Pk,ij ~ (aijia l k + a 3 kia\ s )(3 s . 

R ffki = ~ R fikt - 4Rc ( R fikd- 
(There is a sign difference between the Riemannian and the Kahler curvature 
tensors.) Notice that at P, g x . = gfj. Consequently g 1 ^ = g l [. Hence 

R flkd = - 4Rc (^)5l = -*Re(RflG9$) = -4Rc(i?j[) = -R$. 
When restricted to L, 

gij = 2a ijk f3 k , g ij = -2a ijk f3 k . 
dj = a ijk g ik + a l3k g lk = -f3 k , ij9 ik - Rf^ 1 = (d*f3)j - Rf t f3 l . 

■ 

Proposition 2.2 

^-(d*a) = D a f3 = d*dd*(i - d*{i{Vp)mc x ) - V a {g(a,p)) + 2{a ijk aj p k )i. 
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Proof: 



d*a = 



Tr(W a ). 




Tr(Vy Q ) 



Tr(VV&) -Tr{V {gVa jei )). 



U'u, = -2a ljk aj (3 k . 
Tr(W a ) = a% = iaV*5ifc.i = V a (g(a,0)). 



Combining these calculations, we get the desired formula. 



Remark: Proposition 12.21 can also be derived from Oh's second variation for- 
mula (theorem 3.4 in [2]). 

Clearly, Ker(D a ) represents the tangent space of the local deformation space 
of H-minimal Lagrangian submanifolds. It is straightforward to see that D a : 
^closed (L) —> ^o(-k) i s an elliptic operator whose index equals to h l {L) (the 
first Betti number of L). Generically, when D a is surjective, the deformation 
space of H-minimal Lagrangian near L is smooth of dimension ^(L), which is 
a complete analog to the case of special Lagrangian ([HI)- On the other hand, 
unlike the case of special Lagrangian, in general, the deformation of L could be 
obstructed and local deformation space could be of higher dimension than h}(L) 
in the case of H-minimal Lagrangian. A good example is the case of Riemann 
sphere S 2 with the standard round metric. H-minimal Lagrangians are exactly 
round circles of constant mean curvature in S 2 and minimal Lagrangians are 
the great circles in S 2 . The dimensions of the moduli spaces of both are greater 
than 1. The reason is that the round metric on S 2 is a very special metric. A 
choice of more generic metric on S 2 like that of American football will result 
in 1-parameter family of H-minimal Lagrangian circles genericly. In this paper, 
we will not need to consider the non-generic situations. 



3 H-minimal Lagrangian fibration 

In this section, we will construct H-minimal Lagrangian torus fibration for 
bounded perturbation of certain toric Kahler manifold (considered in |31 
through deformation method. One key idea that makes the deformation possi- 
ble is that the bounded perturbation of the toric Kahler metric we consider can 
be reduced to a small perturbation of another toric Kahler metric (proposition 
EH- We will start with the formulism in [TTj- Let F : (C*) n -> R" be defined as 
x = F (z) = (log \ zi | 2 , • • ■ , log |zn| 2 )- Then for any bounded convex set A C K ra , 
one can define the generalized cylinder Z?a = ^ _1 (A). 

A convex polyhedron can be defined through an equivalence class (modulo linear 
functions) of convex piecewise linear integral functions w on a lattice M that 
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are compatible with a complete fan E in M. Let E(fc) denote the set of k- 
dimensional cones in E. Assume E is rational and simplicial. Then E(l) can 
also be identified as a subset of M containing the primitive integral elements of 
the corresponding 1-dimensional cones in E(l). We may write w = {io m } m€ s(i)) 
where uu m is the value of w at to G E(l). From these data, one may define convex 
polyhedrons 

A r = tA, A = {x e N u \{m,x) + w m < 0, for m G E(l)}. 

Let 

p T {x) = p(x/r) - nlogr 2 , p(x) = - ^ \og((m, x) + w m ) 2 . 

m£S(l) 



lu t — ddp T (x) = — m m , where q m — w m H — (m, x) 

meS(l) Hm 

defines a complete toric Kahler metric on the generalized cylinder D& T . p is 
strictly convex. We fix the origin to be the unique critical point of p. Then 
clearly the origin is also the unique critical point of p T for all r. The only prop- 
erties of p T we will need are the following 

p T (x) = p(x/r) + C{t), lim p\ a c = +00. (3.1) 

c— »1 

Let g T = t Qt , we have 

Lemma 3.1 For any c G (0, 1), g T \F- 1 (x) * s 0, flat metric with bounded geometry 
for x G A cr . (The bound depends on c and is uniform on x G A cr .J 

Proof: (|3.1fl implies that g T \F- 1 (x) = SilF-ifa/r)- Namely, the lemma can be 
reduced to the special case of r = 1, which is quite obvious. ■ 



Lemma 3.2 Let (T, h) be a torus with flat metric h of bounded geometry. As- 
sume that a function f on T is C°° -bounded with respect to h T = T~ 2 h and 



satisfies / fdVh = 0. Then for each positive integer n, there exists a constant 
Jt 

C(n) > independent of r such that \ f\ < C(n)r~ n . 

Proof: Since J fdVh — 0, there exists 60 G T such that f(0o) = 0. Hence 

1/(0)1 = 1/(0) -/(M <C|V/| hT Diam(T,/i T ) < Cr" 1 . 
This estimate can also be rewritten as 

df 



l/l < C 



t- 1 <Ct-\ 
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It is easy to observe that t-^ will satisfy all the assumptions for / in the lemma. 
By induction, we get the conclusion of the lemma. ■ 

(Two quasi-isometric Kahler forms u> and u' = u> + ddf are called C°°-quasi- 
isometric if / is C°°-bounded with respect to u. Consequently, ui' is a C°°- 
bounded tensor with respect to w.) Consider a family of Kahler metrics oj' t — 
u T + ddf T . Let u)' T = t 2 uj' t . 

Proposition 3.1 Assume that lu' t is C°° -quasi-isometric to uj t (uniform with 
respect to t). There exists a decomposition Co' r = uj® + u>\ such that Co® = 
Co r + T 2 ddf® is toric and Ci\ — T 2 ddf^. For any c G (0, 1), index set I and 
positive integer n, there exists a constant C(n, c, I) > independent of t such 
that |V//*| < C(n, c, I)r~ n in D& ct with respect to G) T . 

Proof: There is a canonical decomposition f T — f® + f\ such that f® is con- 
stant in each fibre F~ 1 (x) and the integral of f\ on each fibre F~ x (x) is zero. 
In another word, f® is the average function of f T along fibres of F. This gives 
us the desired decomposition uj' t = Co® + Co].. 

Lemma 13. II implies that for any c S (0, 1), F^ 1 (x) is of bounded geometry with 
respect to u> T for x £ A CT . (The bound depends on c.) Apply lemma EQ1 to 
V ' ifl, we get the desired estimate. ■ 

Corollary 3.1 For any c € (0, 1), index set I and positive integer n, there ex- 
ists a constant C(n, c, I) > independent of r such that |V//f| < C(n, c, I)r _n 
in Da ct with respect to u> T . Consequently, if u>' T is Kahler- Einstein, then uj°. is 
Kahler- Einstein up to 0(1/ t) -perturbation. ■ 

Define a family of metric Cj T>a = Co® + sr 2 ddfl. Then a) T ,o = Co\ and Co T _\ — 
Co' T . Let V denote the Hamiltonian-gradient vector field (see JUj an d references 
therein) associated with the family {Co T ,s} S £[o,i] of Kahler metrics, and <f> s be 
the corresponding Hamiltonian-gradient flow. Then <p*Cb TyS = uj t .q = wj. 

Lemma 3.3 V = — r 2 V TjS /^ (the gradient vector field of —t 2 f\ with respect 
the Kahler metric g T .s)- For any c 6 (0, 1), index set I and positive integer 
n, there exist positive constants C(n, c, I),C (n,c, I) independent of t such that 
\ViV\ < C(n,c,I)T~ n , \Vi((f>* s g T ,s-gT,o)\ < C'(n,c,I)T- n in D AaT with respect 

to LU T . 

Proof: 2Re ( J^) + V is perpendicular to any vector field W on Da ct with 
respect to the following Kahler metric on (z, s) 

w° + r 2 dd(Re(s)ti) = Co T , s + T — (dad ft + dtfds). 
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Hence 



Sr,.(V, W) = -r 2 {dfl,W), V = -r 2 V T , s / T x . 
With this expression of V, the rest of the lemma is a consequence of corollary 

rm ■ 

Let I/o = F (x). Then (j) s (Lo) is a Lagrangian torus with respect to Cj t>s . 
Let (0, y) be the toric Darboux coordinate with respect to the toric metric 
u>° such that u\l = 0. For a function h(6) on L , let L(h) be the graph of 
y = dh(6) in the symplectic neighborhood of Lq. $>(h, s) — d*a.L(h) defines a 
map $ : Si x K -> S 2 , where Si = C£ ,a (L ), S 2 = Co ( L o) and a i(/l) is the 
mean curvature form of I(/i) under the Kahler metric w T)S . 



Lemma 3.4 



5$ 5$ 



Proof: The estimates 



= 0(T-\\h\ Bl ), ||$(0, s )|| Ba -OCr- 1 ). 



5$ 5$ 



0(0, ||$(0, s)||b 2 =0(r- 1 ) 



are easy consequences of lemma 13.31 The estimate 

|( M )-|?(0,0) =0(1%,) 
is straightforward to derive. 



Lemma 3.5 



Proof: 



5ft 



(0,0) 



< c. 



9$ 

ah 



(0,0)5/i = D a dSh. 



With respect to the rescaled metric |Ric x | = 0(1/t 2 ), \a\ — 0(1 /t) and |a| 
0(1/t). Therefore 



9$ 

d/T 



(0,0)5/i = A 2 6h + 0(l/T 2 ). 



Since ||A 2 || < C, for r large, we have the desired estimate. 
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Theorem 3.1 Assume the Kahler potential p T of the toric Kahler metric ui T 
satisfies \3.1\l and the Kahler metric u)' T = ui T + ddf T is C°° -quasi-isometric to 
uj t (uniform with respect to t). Fix c € (0, 1), when r is large enough, there exist 
a smooth family of H-minimal Lagrangian torus fibration F s over Z?a ct with 
respect to the Kahler form and metric {Cj®,(j)*g TjS ). F s are r _1 -perturbations 
of the toric fibration Fq = F. When x € A cr varies, 4>\{F^ 1 {x)) forms an 
H-minimal Lagrangian torus fibration under the Kahler form U)' T . 

Proof: Lemmas 13.41 and 13.51 enable us to apply the quantitative implicit func- 
tion theorem (theorem 3.2 in ^Uj) to Consequently, there exist a constant C\ 
and a unique family {/i s } s e[o,i] such that h a = 0, \h s \^ 1 < C\ and L(h s ) is an 
H-minimal Lagrangian with respect to the Kahler form and metric <p* s g T ,s)- 
Further more, h s actually satisfies \h s \ts 1 — 0(1/t). 

To show that L(h s ) forms a fibration when Lq varies, notice that from the es- 
timate \h s \s 1 — 0(1/t), we have that L(h s ) is an 0(l/r)-perturbation of Lq. 
Since Lq is toric, the metric on Lq is flat and the second fundamental form on 
Lq is constant. According to proposition 12.21 the H-minimal Lagrangian de- 
formation 1-forms are exactly the constant 1-forms on Lq. Consequently, the 
H-minimal Lagrangian deformation 1-forms on L(h s ) are 0(l/r)-perturbations 
of the constant 1-forms, therefore are non-vanishing anywhere. This implies 
that L(h s ) forms a fibration when L varies. We take this fibration to be F s . ■ 



4 Minimal Lagrangian torus in Kahler-Einstein 
manifold 

Lemma 4.1 The logrithm of the volume of F~ 1 (x) under a toric Kahler metric 
uj forms a function u(x). If the Ricci curvature ofu is negative, then the x where 
u(x) reaches minimal if exists will be unique. 

Proof: The condition of the lemma implies that u is a strictly convex function 
of x. Therefore, the minimal if exists will be unique. ■ 

We will call u(x) in lemma l4~T1 the logrithm of the volume function under the 
toric metric uj. Recall that ui' T = oj® + ui\ such that llP t = uj t + d8f® is toric. 
Let m° denote the logrithm of the volume function under We have 

Lemma 4.2 There exist c £ (0, 1) and a unique xq G A ct so that u® reaches 
the minimal at Xq and \u®{x) — u^.(xq)\ > 1 for x 6 <9A CT . 

Proof: (I3.1|l implies that for any C > there exist c € (0, 1) such that 
\p T (x) - p T (0)| = \p{x/r) - p(0)| > C for x e 8A CT . 
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The Kahler potential of w° is p% = p T + f°. Since /° is uniformly bounded, there 
exists c G (0, 1) such that \p°(x) - p°(0)\ > 2 for x G dA CT . Since is Kahler- 
Einstein up to 0(l/r)-perturbation according to corollary 13.11 w° clearly has 
negative Ricci curvature, also p° is a 0(l/r)-perturbation of the logrithm of the 
volume function u®. When r is large, \u®(x) — u"(0)| > 1 for x G dA CT . Lemma 
14. II implies that there exist unique xq G A ct , where u° reaches the minimal and 



The moduli space of Lagrangian torus in a symplectic manifold modulo Hamil- 
tonian equivalence locally around a Lagrangian torus Lq can be naturally iden- 
tified with 7? 1 (Lo)- A Lagrangian torus hbration in a Kahler manifold is called 
closed if the mean curvature form of each Lagrangian torus fibre is a closed 
1-form. A closed Lagrangian torus fibration near Lq naturally induces a map 
* : ^(Lq) -> H l {L ) defined as *([£]) = [a L ]. Proposition EH implies that 

Proposition 4.1 The tangent map d^> : H 1 ^) — ► has the expression 



A Lagrangian torus fibration in a Kahler-Einstein manifold is automatically 
closed. Another important example of closed Lagrangian torus fibration is the 
toric torus fibration under a toric Kahler metric. Since w° is toric, if u>' T is 
Kahler-Einstein, the H-minimal Lagrangian fibrations Fq — F and Fi in theo- 
rem [j^are both closed Lagrangian fibrations. They induce maps "Jo and 

Theorem 4.1 Assume the Kahler-Einstein metric lu' t = lo t + ddf T is C°°- 
quasi-isometric to lu t ( uniform with respect to t) and the Kahler potential p r 
of the toric Kahler metric uj t satisfies J^3. 1}) . For suitable c G (0, 1), when r is 
large enough, there exists a unique x\ G A CT so that 4>\{F^ 1 (xi)) is a minimal 
Lagrangian torus under the Kahler form w' r . 

Proof: Proposition 14.11 and corollary 13.11 imply that d^i — id, d^Q = id + 

0(l/r) and \^x(L) - V (L)\ S o = 0(l/r), where L = F^(x) for some x G A CT . 
(It is conceptually more clear to use the rescaled metric g®, under which L is of 
bounded geometry.) Since ^o(-^o) = for the fibre Lq = F ~ 1 (xo) with minimal 
volume under there exist a unique L x = F -1 (a; 1 ) such that = 

and \[L\] — [Lq]\^o = 0(l/r). Consequently, the mean curvature 1-form of 
i 7 ' 1 ~ 1 (a;i) is closed, coclosed and exact, therefore vanishes. When r is large, 
\u°{x) - u° (xi)| > 1 - 0(1/ t) > for x £ dA CT . Namely x x G A CT . ■ 

We are now ready to discuss the main application of our results as mentioned 
in the introduction. We will follow the notations as in the introduction. Using 
the Hamiltonian-gradient flow with respect to the parameter t, it is straightfor- 
ward to show that the vanishing cycle in X± that vanishes to O G Xq when t 




u°{x )\ > 1 for x G dA, 



■cr * 



[i(v )mc x ] 
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approaches can be represented by Lagrangian torus in X t . We will show in 
the following theorem that such vanishing cycle can actually be represented by 
a minimal Lagrangian torus in (X t ,gf~ E ). As in the construction of Lagrangian 
representative, one may consider constructing the minimal Lagrangian repre- 
sentitive of the vanishing cycles through deformation starting from O. Such 
method will run into singular deformation problem that is usually very delicate 
to handle if it is solvable at all. Instead, in our construction we will use an idea 
similar to the key idea in JUj, by constructing suitable local model (family of 
model Kahler manifolds), where the solution is clear, then deform to the actual 
Kahler-Einstein manifold [Xt,g^) for fixed t{^= 0) small, therefore avoiding 
the singular deformation problem. 

Around a maximal degeneracy point O 6 Xq, the total space X is locally toric. 
X t locally is the image of the toric embedding {s m — e TWm ^ 2 z m } me Y,(i), where 
r = — log|i| 2 . Under coordinate z, X t locally near O can be identified with 
F~ 1 {A T ). 

Proposition 4.2 For certain fixed p, > 0, in F~ 1 (A T - fl ), the Kahler-Einstein 
metric on X t can be expressed as 

u;? E = ddpf E , p™ = b° + b 1 - log(rg m + 6 m ) 2 , 

m£E(l) 

where b° and b m form <E S(l) are C°° -bounded functions of {s m } mE s(l)) an d 
b 1 is a C°° -bounded function with respect to lo t — ddp T . 

Proof: In this proof, we will use notations from [S]. Definition of || s^Hm in 
section 2 of J^J implies that for certain fixed p, > 0, in _F _1 (A r _ M ), log ||s^J| m = 
Tq m + b m , where b m for m € S(l) are C°°-bounded functions of {s m } mG s(i)- 
Formula (3.1) of [H] implies that the Kahler potential b° of tl>t can be made a 
C°°-bounded function of {s m }me'S(i)- Definition of the approximate metric tot 
in section 4 of implies that b° — log {rq m + b m ) 2 is a Kahler potential 

meE(l) 

of cut- Assume the Kahler-Einstein metric = oj t + ddb 1 . The Monge- 

Ampere estimate of the Kahler-Einstein metric (Q31) together with the estimate 
in proposition 4.6 of 9 imply that b 1 is a C°°-bounded function with respect 
to u T = ddp T . ■ 



Theorem 4.2 Let O be a maximal degeneracy point in Xq. Then there exists 
a smooth family of minimal Lagrangian torus L t C (A t ,w^ E ) for t small that 
approaches O when t approaches 0. 

Proof: On X t , apply proposition ^. 21 we have 

P™=Pr + fr, fr=b° + b'- £ log (l + V . 
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Since fi is fixed, for a fixed c G (0, 1), when r is large enough, we have A CT C 
A r _ M . In F-^Aer), |s m | 2 < e-(!- c ) r and |log|s m | 2 | > (1 - c)r. A proper 
basis (as defined in the proof of proposition 4.5 of [§]) for u T in F~ 1 (A CT ) is 

rz,— — > . bmcc 



i=l 



„.^!IL =rm . Sro = (re -(l-c)r/2 ) 

1 , s d ( 1 \ m; 

— = 1 , r^ — — =~ = 1, 

When t is large, s m and — for m G S(l) are C°°-bounded functions in 

F _1 (A CT ) with respect to u> T . Therefore, b° and b m for to G S(l), which are 
C°°-bounded functions of {s m } m es(i) according to proposition 14.21 are C°°- 
bounded functions in F~ 1 (A CT ) with respect to u> T . Consequently, f T , which 

is a function of b°, b 1 , — and b m for m G S(l), is a C°°-bounded function in 

F _1 (A CT ) with respect to u> T . (Notice that the bounds of f T is independent of c 
and r as long as r is taken to be suitably large according to c.) Apply theorem 
13. II and theorem 14. II we get the desired minimal Lagrangian torus L t C X t for 
t small. ■ 
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